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The purpose of this paper is to establish the unimodality and to determine the
mode of a class of Jacobi polynomials which arises in the exact integration of
certain rational functions as well as in the Taylor expansion of the double square
root. Q 1999 Academic Press
1. INTRODUCTION
 4A finite sequence of real numbers d , d , . . . , d is said to be unimodal0 1 m
if there exists an index 0 F j F m such that d F d F ??? F d and0 1 j
d G d G ??? G d . A polynomial is said to be unimodal if its sequencej jq1 m
 4of coefficients is unimodal. The sequence d , d , . . . , d with d G 0 is0 1 m j
Ž . 2said to be logarithmically conca¤e or logconca¤e for short if d d F djq1 jy1 j
for 1 F j F m y 1. It is easy to see that if a sequence is log-concave then it
w xis unimodal 16 .
Unimodal polynomials arise often in combinatorics, geometry, and alge-
bra, and have been the subject of considerable research. The reader is
w xreferred to 11, 6 for surveys of the diverse techniques employed to prove
that specific families of polynomials are unimodal. In this paper we prove
* webpage: www.math.tulane.edu:80r ; vhm.
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unimodality of a specific class of Jacobi polynomials. The general Jacobi
Ža , b .Ž .polynomials P z can be defined bym
km z q 1m q b m q k q a q bmy kŽa , b .P z s y1 1.1Ž . Ž . Ž .Ým ž /ž / ž /m y k k 2ks0
Ž w x.see 1, p. 189 or by
ym y b 1 q zŽ . mŽa , b .P z s F ym , m q 1 q a q b , 1 q b , ,Ž .m 2 1m! 2
Žw x.8, 8.962.1 . Here
‘ a bŽ . Ž .k k kw xF a, b , c ; z [ zÝ2 1 c k!Ž . kks0
Ž .is the hypergeometric function and r is the rising factorialk
G r q kŽ .
r s r r q 1 r q 2 ??? r q k y 1 s .Ž . Ž . Ž . Ž .k
G rŽ .
Many classical families of polynomials are special cases of Jacobi poly-
Ž0, 0.Ž .nomials. For instances the Legendre polynomials are P z and them
Žly1r2, ly1r2.Ž .Gegenbauer polynomials are scalar multiples of P z . Generalm
w xinformation about these polynomials can be obtained in 13, 15 .
We consider the polynomials
m
lP a [ d m a , 1.2Ž . Ž . Ž .Ým l
ls0
with
m
2m y 2k km q ky2 m kd m s 2 2 . 1.3Ž . Ž .Ýl ž /ž / ž /mm y k l
ksl
Ž .The polynomials P a arise in our development of a new procedure form
the exact integration of rational functions, wherein we consider
‘ dx
N a; m [ . 1.4Ž . Ž .H0, 4 mq14 20 x q 2 ax q 1Ž .
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w xWe have shown 3 that
p
N m s P a , 1.5Ž . Ž . Ž .0, 4 mmq1r2mq3r22 a q 1Ž .
where
P a [ P Žmq1r2, ymy1r2. a , 1.6Ž . Ž . Ž .m m
1 1Ža , b .Ž . Ž . Ž .so that P a is of the type P a with a s m q and b s y m q .m m 2 2
Ž .After some simplification 1.6 yields
m
k2m y 2k m q ky2 m kP a s 2 2 a q 1 , 1.7Ž . Ž . Ž .Ým ž /ž / mm y k
ks0
Ž .and expanding the powers of a q 1 gives 1.2 . We thus obtain
‘ dx
N a; m [Ž . H0, 4 mq14 20 x q 2 ax q 1Ž .
mp k2m y 2k m q kks 2 a q 1 .Ž .Ýmq 1r2 ž /ž /3mq3r2 mm y k2 a q 1Ž . ks0
Ž .This formula gives an efficient procedure for the evaluation of N a; m .0, 4
For example,
‘1 dxH 504 2p 0 x q 7x q 1Ž .
11,484,566,453,797,313,938,373,272,869,590,752,255,
710,406,452,908,430,305,538,534,474,718,664,875
s .
756,155,814,236,193,178,352,650,772,173,678,033,029,
101,516,751,105,175,397,074,035,149,880,950,784
Ž .Apart from its intrinsic interest, the sequence N a; m appears as the0, 4
coefficients of the Taylor expansion of the double square root,
ky1‘1 y1Ž .
k' ''y [ a q 1 q c s a q 1 q N a; k y 1 cŽ .Ý 0, 4' kp 2 ks1
ky1‘ y1 P aŽ . Ž .ky1 k's a q 1 1 q c . 1.8Ž .Ý kkq1ž /k2 a q 1Ž .ks1
Ž w x . p qSee 4 for details. The power series expansion of roots of a qy y y q 1
w xs 0 was initiated by Lagrange 9 . Examples of his technique, the La-
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w xgrange inversion formula, can be found in 7, 10 . In this case y, defined by
Ž .1.8 , satisfies an algebraic equation from which a Lagrange-type expansion
Ž .can be obtained; our expansion in 1.8 is simpler.
Ž .Two special cases of 1.8 appear in the literature. The case a s 1
w xappears in 7 ,
ky1‘ y1 1Ž . 4k y 3 k' ''1 q 1 q c s 2 1 q = c ,Ý 4 ky1 ž /2kž /k 2ks1
and the case c s a2,
k‘1 b 1r2 aŽ .k2''a q 1 q a s 1 q a q ,Ý2 k!ks2
where, for k G 2,
22 2 2 2 2 2¡n n y 2 n y 4 ??? n y k y 2 , if k is even,Ž . Ž . Ž .Ž .~b n sŽ .k 22 2 2 2 2¢n n y 1 n y 3 ??? n y k y 2 , if k is oddŽ . Ž . Ž .Ž .
is a special case of Corollary 2 to Entry 14 of Ramanujan's notebooks as
w xdescribed by Berndt 2 .
A sufficient condition for unimodality of a polynomial is to have all its
Ž w x .zeros real and negative see 16 for a proof . This can be used to prove
unimodality of a given sequence. For example, the signless Stirling num-
nw xbers of the first kind, , defined by their generating functionj
n jy1x s x q 1 x q 2 ??? x q n y 1 , 1.9Ž . Ž . Ž . Ž .Ý j
j
Ž w x.are unimodal see 16, p. 128 .
Ž .In Section 3 we discuss the sequence of zeros of the polynomial P a .m
Ž . < < Ž .We show that all the zeros of P a satisfy a q 1 - 1 and that P a hasm m
the minimal number of real zeros that is possible: none for m even and 1
for m odd. We conjecture that, for m odd, the distance of the zeros to y1
is bounded from below by the modulus of the unique real zero. Our
numerical studies suggest that the behavior of these zeros is analogous to
w xthat of the zeros of the partial sums of the exponential as discussed in 14 .
Ž .2. UNIMODALITY OF THE POLYNOMIAL P am
Ž .In this section we prove that the polynomial P a is unimodal. Morem
precisely, we prove that the coefficients increase up to the central coeffi-
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Ž w m r2x.cient i.e., the coefficient of a , and they decrease from then on. The
proof is elementary in the sense that no property of the Jacobi family is
employed.
Ž .Start with the expression 1.3 and define the difference
Dd m s d m y d m . 2.1Ž . Ž . Ž . Ž .l lq1 l
We claim
Ž .THEOREM 2.1. For fixed m, the polynomial P a is unimodal. Morem
precisely:
mŽ . Ž . w xa Dd m ) 0 for 0 - l - .l 2
mŽ . Ž . w xb Dd m - 0 for F l F m y 1.l 2
Ž .c The smallest coefficient is the leading term
2mymd m s 2 . 2.2Ž . Ž .m ž /m
Ž . Ž . Ž .Part c follows immediately from parts a and b . The remainder of
this proof is divided into a sequence of lemmas.
Ž .LEMMA 2.2. The difference Dd m is gi¤en byl
m1 k y 2 l y 12m y 2k m q km q l kDd m s 2 = . 2.3Ž . Ž .Ýl m ž / ž / ž /m m y k m q l4 l q 1ksl
Proof. This is elementary.
mŽ . w xLEMMA 2.3. Dd m - 0 for F l F m y 1.l 2
Ž .Proof. This follows directly from 2.3 . If l F k F m then
m
k y 2 l y 1 F k y 2 y 1 F k y m F 0,
2
and k s l produces a strictly negative term.
Ž . Ž .This proves part b , but the roof of part a is more delicate. First
Ž .observe that the terms in 2.3 are positive for k ) 2 l q 1 and negative
otherwise.
mw xLEMMA 2.4. Let 0 F l - . Define2
y12 l 2 l q 1 y km y l m q k 2mS [ = , 2.4Ž .Ým , l mykž / ž / ž /m y k 2k 2k 2ksl
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Ž .and suppose S - 1. Then Dd m ) 0 and the proof of Theorem 2.1 ism , l l
complete.
Proof. Define
2 l
2m y 2k m q kkT [ 2 2 l q 1 y k ,Ž .Ý1 ž / ž /m y k m q l
ksl
and
m
2m y 2k m q kkT [ 2 k y 2 l y 1 ,Ž .Ý2 ž / ž /m y k m q l
ks2 lq2
Ž .so that Dd m s T y T . Thenl 2 1
2 l
2m y 2k m q kkT y T s 2 2 l q 1 y kŽ .Ý1 2 ž / ž /m y k m q l
ksl
m
2m y 2k m q kky 2 k y 2 l y 1Ž .Ý ž / ž /m y k m q l
ks2 lq2
2 l
2m y 2k m q kk- 2 2 l q 1 y kŽ .Ý ž / ž /m y k m q l
ksl
m
2m y 2k m q kky 2Ý ž / ž /m y k m q l
ks2 lq2
2 l
2m y 2k m q k 2mk m- 2 2 l q 1 y k y 2Ž .Ý ž / ž / ž /m y k m q l m q l
ksl
2mms 2 S y 1 .Ž .m , lž /m q l
LEMMA 2.5. For fixed m, the sum S is increasing in l. In particular it ism , l
mw xmaximum when l is maximum, i.e., at l s y 1. Thus, if2
S - 1, 2.5Ž .m , w m r2xy1
Ž .then Dd m ) 0 and the proof of Theorem 2.1 is complete.l
Proof. The inequality
S ) Sm , lq1 m , l
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is equivalent to
y12 lq2
m y l y 1 m q k 2m ym qk2 l q 3 y k 2Ž .Ý ž / ž / ž /m y k 2k 2k
kslq1
y12 l
m y l m q k 2m ym qk) 2 l q 1 y k 2 . 2.6Ž . Ž .Ý ž / ž / ž /m y k 2k 2k
ksl
Ž .There are l q 2 terms on the left and l q 1 on the right. To prove 2.6 it
suffices to show that for j s 2 l, 2 l y 1, . . . , l, the term corresponding to
k s j q 2 in S is larger than the term corresponding to k s j in S ,m , lq1 m , l
i.e., that
y1m q j q 2m y l y 1 2mym qjq22 l q 1 y j 2Ž .ž / ž /m y j y 2 2 j q 4ž /2 j q 4
y1m q jm y l 2mym qj) 2 l q 1 y j 2 . 2.7Ž . Ž .ž / ž /m y j 2 jž /2 j
Ž .Inequality 2.7 is equivalent to
m y j m y j y 1 m q j q 2 m q j q 1Ž . Ž . Ž . Ž .
X [ ) 1,
m y l j y l q 1 2m y 2 j y 1 2m y 2 j y 3Ž . Ž . Ž . Ž .
by direct computation. To show that X ) 1, note that
m y j 1 m y j y 1 1
) and ) .
2m y 2 j y 1 2 2m y 2 j y 3 2
Thus, since l G jr2, it remains to show that
m q j q 2 m q j q 1Ž . Ž .
) 1.
2m y j j q 2Ž . Ž .
But
m q j q 2 m q j q 1 m q j q 2 m q j q 1Ž . Ž . Ž . Ž .
)
2m y j j q 2 2m j q 2Ž . Ž . Ž .
m2 q 2mj q 3m q j2 q 3 j q 2
s ) 1.
2mj q 4m
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We finally have
LEMMA 2.6. The maximal sum S is strictly less than 1. Thism , w m r2xy1
completes the proof of Theorem 2.1.
Proof. We give the details for m even; the proof for m odd is similar.
Let m s 2n. Then l s n y 1 and we need to show that
y12ny2
4n y 2k n q 1 4ny2 nqk2n y 1 y k 2 - 1. 2.8Ž . Ž .Ý ž / ž / ž /2n y k 2n y k 2n y k
ksny1
Letting r s 2n y k, it suffices to show that
nq1 y1
2 r n q 1 4nyrr y 1 2 - 1. 2.9Ž . Ž .Ý ž / ž / ž /r r r
rs2
Define
y1
2 r n q 1 4nyra s r y 1 2 , for 2 F r F n q 1, 2.10Ž . Ž .n , r ž / ž / ž /r r r
and suppose
a 5n , rq1
- for 2 - r - n. 2.11Ž .
a 6n , r
Then
ry25
a F a = ,n , r n , 2 ž /6
so
ry2nq1 ‘ 5 9 n q 1Ž .
a F a - - 1,Ý Ýn , r n , 2 ž /6 4 4n y 1Ž .rs2 rs2
Ž . w Ž .xsince a s 3 n q 1 r 8 4n y 1 . The proof of Theorem 2.1 is thusn, 2
Ž .reduced to the proof of the estimate 2.11 .
Define
an , rq1
q s for 2 F r F n ,n , r an , r
so that
r 2 r q 1 n q 1 y rŽ . Ž .
q s . 2.12Ž .n , r r q 1 r y 1 4n y rŽ . Ž . Ž .
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We first observe that q is strictly increasing with n. Indeed,n, r
q n y r q 2 4n y rŽ . Ž .nq1, r s ,
q n y r q 1 4n q 4 y rŽ . Ž .n , r
so that for r s 2 we have
q 2n2 y nnq1, 2 s ) 1,2q 2n y n y 1n , 2
and for r G 3 we have
y1q 1 4nq1, r s 1 q 1 q½ 5 ½ 5q n y r q 1 4n y rn , r
1 4
) 1 q 1 y½ 5 ½ 5n y r q 1 4n y r
3r y 8Ž .
s 1 q
n y r q 1 4n y rŽ . Ž .
) 1.
Ž .Passing to the limit as n “ ‘ in 2.12 , with fixed r, we obtain
r 2 r q 1Ž .
q - lim q s ,n , r n , r 4 r q 1 r y 1n“‘ Ž . Ž .
and an elementary calculation shows that the right-hand side is decreasing
for r G 2. We conclude that
a 2 2 ? 2 q 1 5Ž .n , rq1 s q - s .n , ra 4 2 q 1 2 y 1 6Ž . Ž .n , r
This completes the proof of the theorem.
Ž .Note. We have computed the sum 2.9 for large values of n, but have
been unable to predict the exact value of
nq1 y1
2 r n q 1 4nyrlim r y 1 2 . 2.13Ž . Ž .Ý ž / ž / ž /r r rn“‘ rs2
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Using Mathematica 3.0 we found that
nq1 y1
2 r n q 1 4nyrS n [ r y 1 2Ž . Ž .Ý ž / ž / ž /r r r
rs2
1 1 q n 3
s 1 y F , y1 y n , y4n; 2 q F , yn , 1 y 4n; 2 ,2 1 2 12 2 2
Ž .so perhaps the limiting value of S n can be obtained from here.
There are other classes of Jacobi polynomials that seem to be unimodal.
We propose:
Problem 2.7. Let m g N and 0 - j - 2m. Then the polynomials
P j a [ P Žmq1, y2 mqj. aŽ . Ž .m m
are unimodal. The coefficients a increase from the constant a tok 0
a and decrease from then on.wŽjq1.r2x
Based on extensive symbolic calculations we propose
Ž .Conjecture 2.8. The polynomial P a is log-concave.m
Our calculations indicate that
d m d mŽ . Ž .ly1 lq1
h m [ max 2.14Ž . Ž .21FlFmy1 d mŽ .l
Ž .is an increasing function of m and h m “ 1 as m “ ‘.
3. THE STRUCTURE OF THE ZEROS
In this section we discuss the location and nature of the zeros of the
Ž .polynomial P a . We employ the explicit expressionm
m
k2m y 2k m q ky2 m kP a s 2 2 a q 1 , 3.1Ž . Ž . Ž .Ým ž /ž / mm y k
ks0
Ž .to obtain a bound on the zeros, and then the fact that P a is a Jacobim
polynomial
P a s P Žmq1r2, ymy1r2. a ,Ž . Ž .m m
Ž .to determine the exact number and location of the real zeros of P a .m
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3.1. The Real Zeros
Ž . Žmq1r2, ymy1r2.Ž .We use the fact that P a s P a is part of the Jacobim m
family to determine the number of real zeros. We employ a formula
developed by Klein, Hilbert, and Stieltjes. Introduce the Klein symbol
w xE u via
0 if u F 0,¡~w xw x u if u ) 0 and u is non-integral,E u s 3.2Ž .¢
u y 1 if u s 1, 2, . . . .
Ža , b .Ž .Denote by N , N , N the number of zeros of P a in y1 - a - 1,1 2 3 m
a - y1, and a ) 1, respectively. Then the values N can be expressed ini
terms of
1 < < < < < <X s X a , b s E 2m q a q b q 1 y a y b q 1 ,Ž . Ž .2
1 < < < < < <Y s Y a , b s E y2m q a q b q 1 q a y b q 1 ,Ž . Ž .2
1 < < < < < <Z s Z a , b s E y2m q a q b q 1 y a q b q 1 ,Ž . Ž .2
via the formulae
X q 1¡ m m q bm q a2 if y1 ) 0,Ž . ž / ž /m m2~N s1 X m m q bm q a2 q 1 if y1 - 0,Ž . ž /¢ ž /m m2
Y q 1¡ 2m q a q b m q b2 if ) 0,ž / ž /m m2~N s2 Y 2m q a q b m q b2 q 1 if - 0,¢ ž / ž /m m2
Z q 1¡ 2m q a q b m q a2 if ) 0,ž /ž / mm2~N s3 Z 2m q a q b m q a2 q 1 if - 0.ž /¢ ž / mm2
1w xThese formulae are explained in Szego 13, p. 145 . In our case a s m q 2
1 1Ž . w x w xand b s y m q so that X s E s 0, Y s E ym s 0, and Z s2 2
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w xE ym s 0. We also have
12m qm q a 2s ) 0,ž / ž /m m
1 mym q b 2s s y1 = a positive factor,Ž .ž / ž /m m
2m q a q b 2ms ) 0.ž /ž / mm
From here it follows that N s 0 so there are no zeros for y1 - a - 1.1
Similarly
m
0 if y1 ) 0,Ž .
N s m2 ½ 1 if y1 - 0,Ž .
so there are no zeros for a - y1 if m is even, and a single real zero if m
is odd. Finally, N s 0 so there are no zeros for a ) 1. We have proven3
Ž .PROPOSITION 3.1. The polynomial P a has no real zeros for m e¤en andm
a single real zero a satisfying a - y1 for m odd.real
3.2. Bounds on the zeros and numerical calculations
Ž .We now establish upper bounds for the moduli of the complex zeros of
Ž .P a , and describe the results of the numerical calculation of these zeros.m
Define
2m y 2k m q ky2 mqkc m s 2 . 3.3Ž . Ž .k ž /ž / mm y k
Then
c m y k m q k q 1Ž . Ž .kq1 s ) 1, for 0 F k F m y 1,
c 2m y 2k y 1 k q 1Ž . Ž .k
so the coefficients of P , as a polynomial in b s a q 1, are positive andm
Ž w x.increasing. The Enerstrom]Kakeya theorem see 5, p. 12 guarantees
that all its zeros are inside the unit circle of the b-plane:
 4 Ž .PROPOSITION 3.2. Let a : 1 F j F m be the zeros of P a s 0. Thenj m
< <a q 1 - 1.j
We have computed numerical approximations to the zeros a . Thesej
calculations indicate that the bound in Proposition 3.2 is optimal: we
propose
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Problem 3.3. Prove that
< <lim max a q 1 : 1 F j F m s 1. 4j
m“‘
Ž .In Fig. 1 we show the zeros of P a . The behavior is typical: the zeros75
are concentrated in a narrow oval-shaped curve. Moreover, for m odd, the
zero closest to y1 is the real zero a - y1.real
Problem 3.4. Prove that
< <min a q 1 : 1 F j F m 4j
is achieved by the real zero.
Ž .In Fig. 2 we show the zeros of all the polynomials in the sequence P am
for 1 F m F 75. We observe that these zeros concentrate in a narrow
FIGURE 1
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FIGURE 2
lemniscatic region. A similar behavior is observed in the study of the zeros
Ž . Ž w x .of partial sums s a of the exponential function see 14 for details . Inm
w x Ž .the latter case, Szego 12 considered the normalized sequence s ma andm
proved that the limit points of the zeros of the normalized polynomial fill
< 1ya <the part of the lemniscate ae s 1 inside the closed unit circle. In our
Ž .case, the zeros of the normalized sequence P ma converge to 0. Wem
observe that as they do, they form an inner lemniscate, but we are unable
to predict its equation. Figure 3 shows the scaled roots of all the polynomi-
Ž .als P a for 1 F m F 50, and Fig. 4 shows a blowup of the innerm
lemniscate formed by these roots.
4. CONCLUSIONS
In this paper we have shown that the coefficients of the Jacobi polyno-
mial
m
k2m y 2k m q kŽmq1r2, ymy1r2. y2 m kP a [ P a s 2 2 a q 1Ž . Ž . Ž .Ým m ž /ž / mm y k
ks0
Ž .are unimodal. We have also examined the structure of the zeros of P a .m
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FIGURE 3
FIGURE 4
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